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Abstract 

The ^-deformed Fock spaces of higher levels were introduced by Jimbo-Misra-Miwa-Okado. 
Uglov defined a canonical bases in ^-deformed Fock spaces of higher levels. Leclerc-Thibon 
showed a product theorem in 17-deformed Fock spaces of level one. The product theorem is re- 
garded as a formal ^-analogue of the tensor product theorem of level one. In this paper, we show a 
higher level analogue of Leclerc-Thibon product theorem under a suitable multi charge condition. 



1 Introduction 

The ^-defonned Fock spaces of higher levels were introduced by Jimbo-Misra-Miwa-Okado nJMM091|| . 
For integers n > 2, £ > I and a multi charge s = (^i, . . .,S{) e Z^, the ^-deformed Fock space Fq[s] 
of level £ is the Q(^)-vector space whose basis are indexed by ^-tuples of Young diagrams, i.e. 
{\A; s) I A e n^}, where n is the set of Young diagrams. 

The Fock space /^^[s] is endowed with the action of bosons B,„ and they generate a Heisenberg 



algebra [UglOO|. For a partition A, we define 5,; as a Q- linear combination of products of elements 
B-m- (See §3.1 for the precise definition.) Quantum group Uq(5\„) also acts on Fg[s] as level q^. These 
actions commute on F^ls]. 

The canonical bases {G'^(A; s)\Ae H^} and {G~{A; s)\A e U'^} are bases of the Fock space Fq[s] 



that are invariant under a certain involution |UglOO| 



A partition A = (/li, /I2, ■ ■ ■ ) is n-restricted if < Ai - < n for all z = 1, 2, • • • . Each partition 
A can be uniquely written diS, A = A + nA, where A, AeIi and A is n-restricted. In the case of ^ = 1, 
Leclerc and Thibon introduced linear operators 5^ as a Q-linear combination of products of elements 
B-,n and showed the following theorem (See §3.1 for the precise definitions) : 

Theorem A. (Leclerc-Thibon||CTOO||) 
Suppose that £ = \. Let A = A + nA. Then, 

G-{A) = SiG-CX). 



Our main result is a higher level version of Theorem A. For a non-negative integer M, a basis vector 
\A; s) is called M -dominant jfsi^_Si+i > M + for all / = 1, 2, • • • , ^ - 1. For A = (A^^\ A'^^\ ■■■ , A^^^) e 
defined and A as i = (id), ^(2)^... ^^(0) , A = iA^^\A^^\- ■ ■ ,A^(^). 

Theorem B. (Theorem 14121) 

If\A; s) is 0-dominant, then ^ 

G-(A;s) = SxG-(A;s), 

where S^is a linear operator on Fq{s\ defined in Definition \4.11\ 

Now we explain a expected connections of canonical bases G-{A\ s) with representation the- 
ory. Define matrices A+(<5r) = (A+^(^))i,^ and ^-{q) = (A-^(^))^,^ by G^{A\s) = T,f,/^l^(q)\ti;s), 
G'(A; s) = Yjii ^x^il) \f^'^ We call A^^(^) and ^'^^iq) q-decomposition numbers. These ^-decomposition 
matrices play an important role in representation theory. However it is not known that there is a ex- 
plicit combinatorial formula which expresses ^-decomposition matrices as an one dimensional sum- 
mation. 

In the case of ^ = 1, Varagnolo-Vasserot nVV99ll proved that A'^(l) coincides with the decompo- 
sition matrix of v-Schur algebra. Ariki defined a ^-analogue of decomposition numbers of v-Schur 
algebra by using Khovanov-Lauda's grading, and proved that it coincides with the ^-decomposition 
numbers PAri| . 

We recall the tensor product theorem by Lusztig nLus89ll . Let ^ e C be such that is a primitive 
n-th root of unity. Let Fr denote the Frobenius map from the quantum enveloping algebra i7f (gl,-) to 
the classical enveloping algebra i7(gV). Given a i7(gI^)-module M, one can define a i7^(gI^)-modulte 
M^^ by composing the action of i7(glr) with Fr. 

Theorem (Steinberg-Lu^ztig l|Lus89ll ) 
Suppose that € = I. Let A = A + nA. Then, 

L{A) = l(A) ® W{Af\ 

where L(A) (resp. WQi)) is the simple (resp. classical Weyl) module with highest weight A (fi). 

Since the simple module L{A) corresponds to the canonical basis G~(A) in the case of ^ = 1, 
Theorem A is a Fock space version of Steinberg-Lusztig's tensor product theorem, (see ULTOOI for 
details.) 

For € > 2, Yvonne llYvo06ll conjectured that the matrix A^(^) coincides with the ^-analogue of 
the decomposition matrices of cyclotomic Schur algebras at a primitive n-th root of unity under a 
suitable condition on a multi charge and a proof of the conjecture is presented by Stroppel-Webster 
ttSWi Theorem D]. 

Let Os{t, l,m) be the category O of rational Cherednik algebra of i^ItT) I S„, associated with 
multi charge s nGGOR03L Rouquier nRouOSl Theorem 6.8, §6.5] conjectured that, for an arbitrary 
multi charge, the multiplicities of simple modules in standard modules in O^it, 1, m) are equal to the 
corresponding coefficients l^\^q), where m = \A\ = Shan showed that ®„,>o(9s(^, l,m) categorify 
F\\s\ [iShai More generally, it is expected that, together with a suitable grading, ©,„>o(5s(/', l,m) 
should categorify For the detail of correspondence between the charges of Os{t, 1, m) and the 

charges of Fock spaces, see URouOBI . 
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This paper is organized as follows. In Section 2, we review the ^-deformed Fock spaces of higher 
levels and their canonical bases. In Section 3, we review the (/-analogue of tensor product theorem 
by Leclerc-Thibon. In Section 4, we state the main results and prove them except Proposition l4.6[ In 
Section 5, we prove Proposition 14. 6[ 
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Notations 

For a positive integer N, a partition of A'^ is a non-increasing sequence of non-negative integers sum- 
ming to A^. We write \A\ = if /I is a partition of A^. The length 1{A) of A is the number of non-zero 
components of A. And we use the same notation A to represent the Young diagram corresponding to 
A. For an ^tuple A = (A^^\ A'^^\ ••• , A^^^) of Young diagrams, we put \A\ = + U^^)] + . . . + 

2 The ^-deformed Fock spaces of higher levels 
2.1 ^- wedge products and straightening rules 

Let n, £, s be integers such that n > 2 and £ > I. Let r e Z>o. For k e U , finite q-wedge of length r 
is 

Uk = "A-i A A • • • A Uk^. 

Finite ^-wedges satisfy certain commutation relations, so-called straightening rules. Note that the 
straightening rules depend on n and €. [ jUglOO^ Proposition 3.16] 

Example 2.1. (/) For every ki e Z, Uki A Uki = -uti A Uki- Therefore Uki A = 0. 
(//) Let n = 2, { = 2, k\ = —2, and ^2 = 4. Then 

U-2 /\ U4. = q U4 A U-2 + (q^ - 1) M2 A Uq. 

(Hi) Let n = 2, i = 2, k\ = —\, k2 = -2 and k^ = 4. Then, 

M„l A M-2 A M4 = U-\ A (U-2 A U4) = U-i A M4 A U-2 + (q^ - 1) M2 A Mq) 

= q U-i A M4 A M_2 + (^^ ~ 1) M-i A M2 A Mo 

= -U4 A U-i A U-2 - (q - <?^')m3 a Mo a m_2 - (q - q~^)u2 A Uq A U-i. 
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We define P(s) and P'^'^(s) as follows; 



P(s) = {k = (ki, k2, • • •) & 2°° \ kr = s - r + I for any sufficiently large r } (1) 
P^^s) = {k = (kuk2, • • •) e P(s) \h>k2>---}. (2) 

Let A* be the Q(^) vector space spanned by the ^-wedge products 

Uk = A A ■ ■ ■ , (A; e P(s)) (3) 

subject to straightening rules. We regard a finite ^-wedge product uj^^ A u^^ A ■ ■ ■ A u^^ as the infinite 
^- wedge product 

Uk^AUk^A-- - A Uk, A Us-r A Us-r-l A Us-r-2 A • • • . (4) 

By applying the straightening rules, every ^- wedge product Uk is expressed as a linear combination 
of so-called ordered q-wedge products, namely ^-wedge products with k G P'^'^(s). The ordered 
^-wedge products {uk \ k £ P'^'^(s)} form a basis of called the standard basis. 



2.2 Abacus 

It is convenient to use the abacus notation for studying various properties in straightening rules. 

Fix an integer N > 2, and form an infinite abacus with N runners labeled 1,2, - --N from left to 
right. The positions on the i-th runner are labeled by the integers having residue / modulo A^. 



-N+1 -N + 2 ■■■ -1 
1 2 ••• N-l N 

N+1 N + 2 ■■■ 2N-1 2N 



Each k e P^^(s) (or the corresponding q-wedge product Uk) can be represented by a bead- 
configuration on the abacus with n£ runners and beads put on the positions ki,k2, - • • . We call this 
configuration the abacus presentation of m^. 

Example 2.2. If n = 2, £ = 3, s = 0, and k - (6, 3, 2, 1, -2, -4, -5, -7, -8, -9, • • then the abacus 
presentation ofuk is 
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We use another labeling of runners and positions. Given an integer k, let c, d and m be the unique 
integers satisfying 



k = c + n{d - 1 ) - n£m 



I <c <n and I <d < 



(5) 



Then, in the abacus presentation, the position k is on the c + n{d - l)-th runner (see the previous 
example). Relabeling the position khy c - nm, we have £ abaci with n runners. 

Example 2.3. In the previous example, relabeling the position k by c - nm, we have 
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We assign to each of ^ abacus presentations with n runners a ^- wedge product of level 1 . In fact, 
straightening rules in each "sector" are the same as those of level 1 by identifying the abacus in the 



sector with that of level 1. (see also [UglOO| and [Iijl2|) 
We introduce some notation. 

Definition 2.4. For an integer k, let c, d and m be the unique integers satisfying (|5l), and write 



id) 
^c-nirf 



(6) 



.(di) 



Xd2) 



Also we write u;;i„„^ > u,^_„„^ 



ifki > k2, where ki = Ci + n{di - 1) - ntnii, (i = 1,2). 
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A finite q-wedge 

is simple if di = dj = • ■ • = dr. 

We regard u^c-nm Uc-nm in the case of £ = 1 . 
Example 2.5. If n = 2, £ = 3, then we have 

M_10 AUi = -q U\ A M_io + {q - 1) M-4 A M_5, 

that is, 

u% A u'^ = -q-' u'^ A u% + (q-' - 1) u^^^ A u% 
On the other hand, in the case ofn = 2,£ = 1, 

— 1 —9 

M_2 A Ml = UiAU-2 + iq -1)moAm_i. 

2.3 ^-tuples of Young diagrams 

Another indexation of the ordered ^- wedge products is given by the set of pairs (A, s) of /'-tuples 
of Young diagrams A = {A''^\ ■ ■ ■ , A*-^^) and integer sequence s = (si, •■ • ,Si) summing up to s. Let 
k = {k\,k2,- • •) ^ P^^is), and write 

kr = Cr + n{dr - 1 ) - nlm^ , I < c,. < n , 1 < dr < £ , e Z . 

For J G {1, 2, • • • , £}, let kf \ k^f, ■ ■ ■ be integers such that 

yS^^^ = {c- - nnir I dr = d] = {ytf , kf, ■■■} and ytf > kf > ■ ■ ■ 
Then we associate to the sequence {k^^\ k''^\ • • • ) an integer Sd and a partition A'^'^^ by 

k^f^ = Sd - r + I for sufficiently large r and A^f^ = k^f^ - Sd + r - I for r > 1 . 
In this correspondence, we also write 

Uk = \A;s) (keP^^is)). (7) 
Example 2.6. Ifn = 2, £ = 3, s = 0, and k = (6, 3, 2, 1, -2, -4, -5, -7, -8, -9, ■ ■ ■ ), then 

/ti =6 = 2 + 2(3-l)-6-0 , A:2 = 3 = 1 +2(2- l)-6-0 , 
^3 = 2 = 2 + 2(1 - 1) - 6 • , ■ ■ ■ and so on. 

Hence, 

0''> = {2,1,0,-1,-2,- ■■} , = {1,0,-2,-3,-4,- ■■} , 0''> = {2,-3,-4,-5,---} . 

Thus, s = (2, 0, -2) and A = (0, (1, 1), (4)). 

Note that we can read ojfs = (2, 0, -2) and A = (0, (1, 1), {4)) from the abacus presentation, {see 
Example \2.3\ 
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2.4 The ^-deformed Fock spaces of higher levels 

Definition 2.7. For s e ll, we define the q-deformed Fock space Fq{s\ of level t to he the subspace 
ofA^ spanned by \A; s) (Ae U'^) : 

F,[s] = ^Q(q)\A-s). (8) 

We call s a multi charge. 

2.5 The action of bosons 

The Fock space Fq{s] is endowed with the action of bosons given by 

BmiUk) ='^Uki AUk^ A-- - A Uk,_, A Uk,-n{m A Uk,^^ A ■ ■ ■ , (m G Z*), (9) 
r>\ 

where Z* denotes the set of nonzero integers. 

Remark, fi^'s generate a Heisenberg algebra JUglOO , Proposition 4.5]: 



1 — q^^'"" 1 — q^'"^ 

2.6 The bar involution 

Definition 2.8. The bar involution of is the Q-vector space automorphism such that q = q'^ 
and 



Uk = Uk,A---AUu^A Uk^^, A • • • = (-^^^'••■■■^'-^^-'^^^■'••■■•^'X"/t, A • • • A W^,) A U^^^, A ■ ■ ■ , (10) 

where Ci, di are defined by ki as in (O, r is an integer satisfying k,- = s - r + \. And K{a\, • • • , a^) is 
defined by 

K(ai, ■■■ ,a,.) = #{(z, j) \i< j, ai = ay}. 



Remarks. 



1. The involution is well defined, i.e. it doesn't depend on the choice of r [UglOO|. 



2. The involution comes from the bar involution of affine Hecke algebra Hr. (see [UglOO | for more 
detail.) 

3. The involution preserves the ^-deformed Fock space Fq[s] of multi charge s. 
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The following proposition shows that the action of 5,„ commutes with the bar involution. 
Proposition 2.9 ( ]UglOO[ ). For \A; s) e Fq[s] and m e Z>o, we have 



B^JA;s) = B.,„\A;s). 



(11) 



2.7 The dominance order 

We define a partial ordering \A; s) > \fx; s). 

Definition 2.10. Let \A; s) = /\Uk^ /\ ■ ■ ■ and s) = Ug^ A Ug^ /\ ■ ■ ■ . We define \A; s) > s) if 
\A\ = and 

r r 

J]kj>J]sj (for all r =1,2,3, ■•■) ■ (12) 

Example 2.11. Let n = £ = 2, s = (1,-1), A = ((1, 1),0), and /x = (0,(2)). Then, \A;s) = U2 A ui A 
U-i A u-3 A • • • and s) = A ui A u-2 A m_3 A • • • . Thus, s) is greater than \A; s). 

We define a matrix {ax,n{q))A,n by 

\A;s) = ^ax^f,{q)\n;s). (13) 
Then the matrix (a^^^(^))^,^ is unitriangular with respect to >, that is 

|(a) if ax,^,{q) ^ , then \A; s) > \n; s), ^^^^ 
[(b) ax^x{q) = 1. 

(see the identity (|29l) for the detail.) 

Thus, by the standard argument, the uni triangularity implies the following theorem. 



Theorem 2.12. [ |UglOO[ Theorem 3.25] There exist unique bases {G*{A; s)\Ae IV^} and {G {A; s)\Ae 
n^} ofFq[s] such that 



(i) G^{A; s) = G^{A; s) , G-(A; s) = G~(i; s) 

(ii) G'*'{A;s) = \A;s) mod qX,^ , G~{A;s) = \A;s) mod q'^ 
where -C = ^ Q[q]\M s) , £~ = ^^{q-']\A;s). 
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Definition 2.13. Define matrices A"^(^) = {h\^{q))x,n and A {q) = (A^^(^))^^^ by 



G\X-s) = Y,^iM^\ti-^s) , G-iA;s) = J]Al^iq)\fx;s). (15) 

ft 

The entries A|^(^) are called q-decomposition numbers. Note that ^-decomposition numbers 
A*(^) depend on n, £ and s. The matrices A^((5r) and ls.~{q) are also unitriangular with respect to >. 

It is known [ |UglOO[ Theorem 3.26] that the entries of lsr{q) are Kazhdan-Lusztig polynomials of 
parabolic submodules of affine Hecke algebras of type A, and that they are polynomials in q with 
non-negative integer coefficients. 

3 A ^-analogue of the tensor product theorem of level one 

In this section we review the (^-analogue of tensor product theorem in the case oil = \ nLTOOH . 

3.1 y^and5^ 

Let h,„ and s^ be the power sum symmetric function of degree m, the complete symmetric function 
of degree m and Schur function, respectively. There are some well-known relationship among them. 

\A\=m fi 

where K^~l^ is the inverse Kostka number and for a partition /i = {V\l"^ , - • •), we define = 
n;>iP'Q',!. For a partition A = {A^, A2, - • • ), we define by 

5_, = 5_,,5_,,-- - . (17) 

Definition 3.1. For m g Z>o and /I e 11, we define operators Vm and S ^on Fq{s] as 

V,„=J]-B^, , S, = J]Kl;jW, , (18) 

\A\=m n 

where V^, = Vf,^Vf,, ■•• /or // = Oui,yU2, ■••) e 11. 

That is, we regard 5_„, (resp. V,„, 5^) as the power sum (resp. the complete symmetric function, 
Schur function). By Proposition [2]9l V,„ and S a also commute the bar involution. 

The action of V,„ is combinatorially described as follows. An n-ribbon is a connected strip of 
«-cells which does not contain a 2 x 2 square; more precisely, an n-ribbon is a sequence of n cells R = 
{(ai, Z?i), (^2, ^2), ■ • ■ , {an, bn)} such that (a,+i, Z?;+i) is either (a,- -I- 1, Z?,) or (a/, bi - 1), for / = 1, 2, ■ • ■ , n. 
The head of R is the cell head(7?) = {ai,b\) and spin,,(7?) = #{1 < / < n | a,+i = a, -I- 1} is the n-spin of 
R. 
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For partitions A and /i, we write A fj. if A (Z fi and the skew diagram is a disjoint union 
of m n-ribbons such that the head of each ribbon is either in the first row of // or is of the form (z, j) 
where (z - e A. Lascoux, Leclerc and Thibon call fi/A an n-ribbon tableau of weight (m) and 

m: n 

they note that there is a unique way of writing iJ.\A as a disjoint union of ribbons. Finally, if A jx 
then spin„(ju//l), the n-spin of nl A, is the sum of the n-spins of the ribbons in ix\A. 

Theorem 3.2 ( IlLTOOl Theorem.6.7). Let m e Z>o and A ell. If€ = 1, then 

VM= J]i-q-'r'''"^"^\M). 

m : n 



Example 3.3. Let n = 3, £ = I, m = 2 and A = (2). Then, 

V2 1(2); s) = 1(8); s) - q-' |(5, 2, 1); s) + q-\A, 3, 2); s) + q~^ |(5, 1^); s) + |(2^); 5) - q'' \0\ l'); 5). 












1 








1 







3.2 A ^-analogue of the tensor product theorem in the case oil - \ 

Definition 3.4. A partition A = {Ai,A2,- • •) is n-restricted is 

0<Ai-AM<n for alii = \,2,---. (19) 

Definition 3.5. For A ell, we define A, A eH as A is n-restricted and A = A + nA. 

Example 3.6. Let n = 3 and A = (9,5,4,4). Then (9,5,4,4) = 3 ■ (2, 1, 1, 1) + (3,2, 1, 1). Thus, 
i = (3,2,1,1),! = (2, 1,1,1). 




+ 



Theorem 3.7 (Leclerc-ThibonflCTOOl, Theorem 6.9). LetA = A + nA. Then 

G-(A) = S',G'(A). 



(20) 
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Remark. Theorem 13.71 is a formal analogue of Lusztig's tensor product theorem, (see ULTOOi 
§3.2].) 

Example 3.8. In this example, we write \A; s) simply X. 
(i) Letn = 2,A = (4) = d + nil). Then, 



G-m) = Si2) G-(0) = V(2) = (4) - q'\3, 1) + q~\2, 2). 
(ii) Let n = 2 and A = (2,2) = (D + n(l, 1). Then, 

G-((2, 2)) = 5(u)G-(0) = (7(1,1) - V2)0 = (2, 2) - q-\2, 1, 1) + ^-^(1^). 

4 A ^-analogue of the tensor product theorem of higher levels 

4.1 M-dominancy 

Definition 4.1. For M e Z>o, \A; s) is M-dominant if 

Si-Si^:>M+\A\ (21) 

for all i = \, 2, 1. 

Definition 4.2. For \ < i < I, we define linear operators 5'^„,[/] by 

B'.An • • • ' • • • ' '^^'^); = ■ ■ ■ > 5-™-^®' ■ ■ ■ ' ^®); (22) 

where the right hand side is understood as 

\{A^'\ B.^A^\ ■ ■ ■ , i«); s) = Yu ^pK^^'^' '^^'^); 

ifB^jJA'-'^) = 2/i Cpl//) m q-deformed Fock space of level one. 



Proposition 4.3 ([ |UglOO[ , Proposition 5.3(i)). Letm e Z>o. Suppose that \A; s) is nm-dominant. Then, 

B.,„ \A; s) = Y, q^'--'^"'B'_Ji] \A; s). (23) 



i=l 
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4.2 A ^-analogue of the tensor product theorem of higher levels 

Definition 4.4. For \ < j < £, we define B^mVj^ as follows. 

B.M]=B'_Ji] , B.,Aj]=B'_,„[j]-q-"'B'_,„[j+l] , (1 < j < £ - I). (24) 
For I <j <£, 

B^„,[jJ] = J]q^'-'^'"BUn. (25) 

Lemma 4.5. Ifu = \A; s) is nm-dominant, then 

B-mU= ) — — 5_,„[j] u. (26) 

4-^ q — q 

Proof. 

^ q}m _ q-jm ^ ^ gjm _ g-jm ^ gjm _ g-jm 

y=l " " j=l " ^ y=l " ^ 

j-j\g'n-g-m ^ q'" - q-"' ) 

e 

= B'_,„[U + J]^'^''""B'_,„[jl 

7=2 

Hence, the assertion follows from Proposition |43l □ 

The next proposition is the key proposition in this paper and will be proved in section 5. 
Proposition 4.6. Let m e Z>o and l<i<£.Ifu = \A;s) is nm-dominant, then 

(i) B.,„[j]u = B.,„[j]u. 

( ii) B-,n[j, £]u = B {] u. 

We define V^[/], Vk[i], S\[i], S aU] in the same fashion in Definition 13. 1[ 
Definition 4.7. For 1 < i < we define y^[z], Vt[i], S'^[i], S Ai] as follows. 

= J] -B'_,[i] , y„,[/] = -B-aU] , 

\A\=m ^'^ \A\=m 

/J 11 
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Remarks, (i). From the definition of B'_^[i\, the operator V^[i] (resp. S'^[i]) acts on the i-th 
component of \A; s) in the same way as Vm (resp. 5^) in the case of ^ = 1. If « = 2, for example, 

In particular, Vl„[i] has a combinatorial expression gives in Theorem 13.21 
(ii). Since B.M] = B'_J_i], we have V^M = V'^m and = S'.Ul 

The next lemma gives the formula that expresses 5^[z] in terms of S'^{i\ and S'^{i + 1]. Therefore 
we can compute 5^[z] u from the calculation in the case of ^ = 1 if m is n|/l|-dominant. 

Lemma 4.8. For I < j < £, 

SaU] = ^(-^-^)|^ilr;,s;[j] + 1] , (27) 

where LR^ ^ is the Littlewood-Richardson coefficient and V means the transpose of the Young diagram 

V. 

Proof. Let X = {Xi,X2, ■■■),¥ = {YuY2,- ■ ■) be two families of variables. Let \{X\Y) = A{X)^A(Y) 
be the ring consisting of all symmetric function in both X and Y. Let S = Q[B'_^[i] \ m 6 Z>o , i = 
j,j + 1] be the ring consisting of all the Q- linear combinations of products of elements B'_^[j] and 
B'-mU + !]■ We define the ring homomorphism i : A(X|y) ^ S by L{p,n{X)) = B'_^[j] and i(pm(Y)) = 

We define an automorphism co-y on A(X\Y) as follows. 

CO-Y(Pm{X)) = Pm{X) , lO-yiPmiY)) = -pm{Y) (m = 1, 2, ■ • ■ )■ 

If we denote Y by {q~^ Yi,q~^Y2, - ■ ■ ), then 

co.yip^iX, q-' Y)) = co.y{p,„{X) + p,M~' Y)) = co-riPmiX)) + q-'^oj^yiPn^) = pM - q-'"p,n(Y) 

Hence we have B^mij] = i-(oJ-Y{Pm(X, q'^Y))), and it follows from Definition 13. II that 

SAj] = t(0J-Y(sA(X,q^'Y))), (28) 

where sa(X, q~^ Y) is the supersymmetric Schur function with variable {X, q'^Y) = (Xi , Z2, • • • ,q~^Yi,q 
Now we compute co^yisAiX, q'^Y)). Note that 

'\A\=k 

Za 



(-1)'^'^ 
= J] —^PAiY) 

\A\=k 

=i-ify^-^^PA(Y) 



\A\=k 

= (-l/e,(y), 
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where eu is the elementary symmetric function of degree k. Hence, 
From the well-known formula 

we obtain 



co.Y{sAX,q-'Y)) = Y,i-lt\LR'^,s^(X)s,yiq-'Y) 



Therefore ^ follows from S'^[j] = and 5;[j + 1] = Lisry(Y)). □ 

Theorem 4.9. Let 1 < j < f and A ell. If\fi; s) is n\A\- dominant and fi^^^ is n-restricted, 

5,[j]G-0u; s) = G-((p^'\ ■ ■ ■ + nA,--- ,1^^'^); s). 



Proof. By definition of the basis G , we have to prove that F = S A[j]G (p; s) satisfies 

F = F and F = \Qu^^\ ■ ■ ■ , ju^'^ + nA, ■ ■ ■ , lu^^^); s) mod ^"'X" . 

The first property is clear by Proposition I4.6[ Indeed, is a Q-linear combination of products 
of elements B -,„[]]. To prove second property, we observe that by Theorem 13.21 for all p e 11^ and 
m e N, V/„[j] Ip; s) e £r. Thus, S\[j] |p; s) e £r since S\\_j] is a Q-linear combination of products of 
elements V'^[j]. 

Note also the following lemma. 

Lemma 4.10 ( nLTOOM Proof of Theorem 6.9). Let i = I. Let A,p be two partitions such that p is 
n-restricted. Then, 

5^ Ip) = \p + nA) mod q~^£.~. 



From the lemma, we obtain 



F = SAj]G-(M;s) = 



^(-^-^)Wlr^,s;[j]5;jj + i] 



- c 



G'(p; s) (By lemmaQ 



S',[j]G~(p-s) (By S:Aj+l]G-Qi;s)e£-) 

= S'Aj]\n;s) (By G^{p-s) = \p-s)) 

= \(p'-^\ ■ ■ ■ ,iu'-'^ + nA,--- ,iJ^^^)\ s) (By lemmaOOl). 



□ 
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Definition 4.11. For A = {A^^\ A^^\ ■■■ , A^^^) e n^, we define lAeli^ by 

where A^'^ = /l(') + nA^^'> and /l^'^ is n-restricted. (See Definition \3.5\ ) And we define 

i=l 

Now we can state our main result, which is a higher level version of the i7-analogue of Theorem 

[23 

Theorem 4.12. If\A; s) is 0-dominant, then 

G~{A;s) = SiG-(A;s). 



Proof. Note that for any partition ft, fi = nfi + fi. Since \A; s) is 0-dominant, for any \ < i < £ and 
1 < J < A 

e ;-i ( j e 

St - >\A\ = J] u«i > J] m + i/^'^i + Yj u^'^i = nm + J] m + J] 

k=l k=l k=j+l k=l k=j+l 

Hence \(A^^\ ■ ■ ■ , A^J"> , A^j^^\ ■ ■ ■ ,A^^'>;s)) is -dominant for any I < j < I. Thus, by applying 
Theorem 14.91 repeatedly, 

S',G-(A;s) = S,a,[l] • ■■S,,f^,Xi-^S,irXt]G-{(A^\ ■ ■ ■ ,A^\m,s) 
= S,a,[l] • • • S,,,_„[^ - l]G-({W\ A^\ A^\ s) 
= --- = G-{{A<'\...,/^-'\A^^y,s) = G-{A;s). 

□ 

Example 4.13. In this example, we write \A; s) simply A. 

(i) Let n = I = 2, A = ((2, 2), 0) and s = (2, -2). Then, \A; s) is 0-dominant and (2, 2) = + n(l, 1). 

G-((2,2),0) =5((u),0) (0,0) 
=5(U)[1](0,0) 

=(S[,,^[l]-q-'S[,^[l]S[,p]+q-^S[^p])(Q,Q) (LemmcO) 
=(S (1,1)0, 0) -q-\S (1)0, S (1)0) + q-\(d, S (2)0) 

=((2, 2) - q-'(2, 1,1) + q-\l\ 0) - ^-'((2) - .^-^(l, 1), (2) - ^"^1, 1)) 

+ q~\(d,(^) - q'\3,l) + q'H2,2)) 
=((2, 2), 0) - q'\(2, 1, 1), 0) + ^-^((1^), 0) - ^-^((2), (2)) + ^-^((2), (1, 1)) + ^-^((i, i), (2)) 

- ^-^((1, 1), (1, 1)) + q'\d, (4)) - ^-^(0, (3, 1)) + ^-^(0, (2, 2)). 
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(ii) Let n = I = 2 and s = (3, -3). Then, ((2), (2, 2)) is 0-dominant, (2) = + n(l) and (2, 2) = 
+ n(l,l). 

G-((2),(2,2)) 
=5((i),(u)) (0,0) 
=S(i)[l]S(u)[2] (0,0) 

=(5('i)[l] -^-^5('i)[2])5(Vi3[2](0,0) (Lemmam 

=(5 ('i)[l]-^-^5(\)[2]) (0,5(1,1)0) 

=(5(1)0,5(1,1)0) -^-1(0,5(1)5(1,1)0) 

=(5(1)0, 5(1,1)0) - ^-'(0, 5(2,1)0) - ^-1(0, 5(13)0) 

=((2) - q-\(2, 2) - q-\2, 1, 1) + ^-^(l^)) 

- q-\(l), (4, 2) - q'\4, 1,1)- ^"^3, 3) + q'\3, \') - q\2^) + q-\2\ 1^)) 

- <?-i(0, (2^) - q-\2\ 1^) + ^-2(2, 1^) - q-\l'')) 

=((2), (2, 2)) - ^-^(2), (2, 1,1)) + q-\{2), (1^)) - ^-^((1, 1), (2, 2)) + ^"^((1, 1), (2, 1,1))- ^'^((1, 1), (1^)) 

- q-\(b, (4, 2)) + q-\%, (4, 1,1)) + ^"^(0, (3, 3)) - q-\% (3, 1^)) - {q-' + ^-3)(0, (2^)) 
+ {q-^ + q-'m (2^ 1')) - ^-'(0, (2, 1^)) + q-\(b, (1^)). 



5 Proof of Proposition 146 



We prove Proposition |4]6]by using (infinite) ^- wedge product. Fix a sufficiently large integer r so that 
for every ordered (^r-wedge product appearing in our argument, all of the components after r-th factor 
are consecutive. We are able to truncate ^7- wedge products at the first r parts. See [ UglOO[ §4] for 
detail. 



5.1 ^-wedges and straightening rules 



In this section, we review the straightening rules [UglOO| to prove our main results 



Proposition 5.1 ([ Iijl2| Proposition 4.2 ,see also p UglOO[ Proposition 3.16). For unequal integers 
ki,k2, let Cj,dj,mj be the unique integers satisfying kj = cj + n(dj - 1) - nfmp I < Cj < n and 
l<dj< £, (j =1,2). Then, 



^C2-nm2 '^c\-nm\ \ H J H "■c\-nm\ " ^C2-cm2 

+ %gVL{m){-q-^f''i=''2{q- q-^) V m^^'^ , , . A m^*^ ^ r ^ •• (29) 

o \ ' \ 1 ' \i I ' / ; C2-n«ii -sgn(m)ny ci-nm2+sgn(m)nj ^ ' 
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where 



sgn(m) 



1 if mi < m2 
-1 if nil > m2 5 a = • 
if nil = ^2 



1 if Ci = C2 and ki > ^2 
-1 if Ci = C2 andky < ^2 
if cii^ C2 



^ _ 1 1 ifdi =d2 <^i> C2, mi < m2 or Ci < C2, mi > m2 

'^^ |0 ifdii^d2 ' |l if otherwise 



and 

1 1 if di < d2, mi < m2 or di > d2, mi > m2 
1 if di > d2, mi < m2 or di < d2, mi > m2 
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Remarks. Note that the identity (|29l) depends only on the inequality relationship between di and 
d2 (ci and C2). It is independent of t. 

Corollary 5.2. Suppose m^^'^ A u^^^^ is expressed by straightening rule as 



where a(gi,g2) 6 Q(<?)- Then, 

(i) ki +k2= gi +g2- 

(ii) Ifki < k2, then ki < gi < ^2 and ki < g2 < ^2- Ifh > k2, then ki > gi > ^2 and ki > g2 > ^2- 
(Hi) Let ki = Ci — nmi and gi = c'- - nm'. (i = 1,2) where Ci, c'^ and m,, m'. are defined in Definition 

\2.4\ Then, [ci,C2} = {c\,c'^}. 

Corollary 5.3. Let k,m,g be three integers such that m > and k > g + nm. If uf'^ A uf^^ and 
u^^^^ A u^g+lm is expressed by straightening rule as 

k-g k—g-nm 



j=o j=o 



where Cj{q), C'Xq) e Q(q), then Ci{q) = C'-{q)for allO < j < k - g - nm. 

•'J ■'J 

Definition 5.4. Let 

u = uf^'^ A uf^^^ A ■ • ■ A uf'^ , ka = Ca - nma , (a = 1, 2, ■ ■ ■ , r) and 
V = Ug,' A Ug{ A ■ ■ ■ A u^; , gi, = c^- nm,^ , (b = 1,2, ■ ■ ■ ,t). 
and suppose that da + d[for all a e {I, ■ ■ ■ ,r} and b e {\, ■ ■ ■ ,t}. Then we define ^(u, v) as 

^u, V) = #{(a, b)\ca = c',, uf^ < 4?}. (30) 



17 



Lemma 5.5 ( pijl2[ Lemma 4.8, (see [ |UglOO[ Lemma 5.19)). Let a e Z, t e Z>o, I < i < £, and 
(/). Let u^f be the maximal element such that it^ < ila ■ Let = u^^ A A ■ ■ ■ A Then, 



,0-) ^ „(0 „o) 



,0') A „0') 



Then, 



(ii). Let u„ be the minimal element such that uj > uJ. Let u,', , = ul'L A u''' , A • • • A Wp . 

^ g g " [g+t,f;] g+t g+t-l g 



u^ Au^.,..=q^'^'"^^'^^^u^.,^Au 



(0 



[g+ug] 
,W ,,0') „„j ,,0) 



[g+t,t] 



In the abacus presentation, Ua , "[(Vr] ^^'^ [g+tg] follows 
& d = i d = j (ii) d = i 

© 

© 





'1 





d = j 



c = a 




c = a 



where the boxed region means that all positions are occupied by beads. 
Throughout this section, s = (s\, . . . , se) eZ^ is a fixed multi charge. 



5.2 A deletion lemma for finite ^-wedges 

Definition 5.6. Let \<dud2<t Let v^^'^ = m^'^'^ A V • • • A and w^''^'> = M^f^ A 4f A • • • A 
be two simple finite q-wedges. 
(i) The size of v^'^'^ for s^i is 



(dl) 
gR 



IV = A A ... A uf;\ 



(ii) For a non-negative integer M, the pair {v^'^^\ w^'^^\ 5^,, '■^ M-dominant if 



Eft- 



Sd, + i\. 



1=1 



+ \w'-'%^_ + M < Sd, - Sd,. 
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Example 5.7. (/) Let si =2, S2 = -4, v^'^ = M4 ^ A u^^^ A w^/^ A u^^l A u^^l A u^^] and w^^^ = u% 

Then |v^'^|.v, = 4 a«J Ivv'^^-'L., = 2. T/zm*, |v^^-'[v( + |w'^^-'|.v2 < ^'i - S2. Therefore {v^^\w^^\ s\, S2) is 

0-dominant. 

(ii) Let r be a positive integer and Abe a partition whose length is less than r. For any 1 < j < i, 

put 



Then, \v%, = \A\. 



Remarks, (i). Let v^-'^ = u[^^ A u^j^^ A • • • A u[^^ and w^J'' = w^f Au^i^ A ■ ■ ■ A ul/^ be two simple finite 
^-wedges such that the length of v'^^-' is equal to that of w^-'K Then, the size of v^^^ for sj is equal to that 
of w^}^ if and only if ZLi k = 2[=i 



{d2) 



(ii) From Corollary 15.21 (i). straightening rule preserves |v'^'''^L.^^ + That is, if x^''^^ A y' 

appears in a linear expansion of w^''^^ A v^'''\ then Iv^'^'-'l.,^ + Ivv'-^'^-'l.,^ = + b'-^'^-'li^, . 

In particular, for a non-negative integer M, if the pair (v'^'^'^ w^''^\ s^i, s^^ is M-dominant, then the 
pair {x''^'^\y'^—\ Sdi,Sd^) is also M-dominant. 

Lemma 5.8. Let 1 < j < i and v^^-* = w^^'' A A ■ ■ ■ A u^^^ be a simple finite q-wedge. Suppose that 
min{^i, ^2, • • • ,kr\ > Sj - r + \ and \v''\j < 0, then v^^^ = 0. 

Proof. If v*^^^ 0, then an ordered simple finite ^- wedge v' = u^^) A u'^ A • • • A m[P appears in the linear 

expansion of v'^^-'. Then from Corollary 15. 2 1 (ii). we have k[ > k'2> • • • > k'i.> sj-r+l. Thus Iv'l^^ > 0. 

On the other hand, from Corollary 15.21 (i) (see the previous Remark (ii)), Iv'^^^l.vj = Iv'l^,. This is a 
contradiction. □ 

Lemma 5.9. Let M,y e Z>o such that < y < M. Let 1 < di,d2 < i,t e Z and v^"^'^ = A uf^^ A 



A uf^\ If(v'''^'\ uf'\ Sdi, Sdi) is M-dominant, then 



Moreover, ifmin{t + y,ki,k2,--- , K} > Sdi - r, then uf^^j A v*^"^'^ = 0. 
Proof. For simplicity, we assume that d\ = \ and d2 = 2. 

r 

\u\l\ A v^X^i =t + y-is, + l) + Y,iki - (51 + 1) + (/ + 1) - 1) 

i=l 

= t-si+y-l + Iv^^^L, 

= \uf-\, + \v^\ +S2-si+y-\ (By \uf \ = t - S2) 

< S\ - S2 - M + S2 - S\ + y - \ ( (v^'\ uf\ S\, S2) is M-dominant ) 

= y - M - 1 < 0. (r < M) 

The second statement follows from the first statement and Lemma [521 □ 
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Lemma 5.10. Let v^^-* = u^^^ A u^^^ A • • • A u^^^ be an ordered q-wedge such that kr > sj - r + I. Then, 
for any I < a < r, 

\ui^'' A U^i^ A • • • A mI^^L -^+i < \v^\.. 

In particular, for a non-negative integer M, if (v^'^^\w^'^^\ Sd^, Sd2) is M-dominant, then for all 
I < a < r, (uf^^ A uf'^^ A • • • A uf'^^\ w^^\ s^^ - i + I, Sd2) is also M-dominant. 

Proof. Since v^^^ is ordered and kr > Sj - r + \, ki > k2 > ••• > K > Sj - r -i- I. Hence, for any 
1 < a < r, ka > Sj - a -\- 1. Thus, 

r 

|m^^ a A • • • A 4f l.-a+i = J](ki - (Sj - a + 1) + (/ - a + 1) - 1) 

i=a 
r 

= Yj(ki - sj + / - 1) 

i=a 
r 

<j](k-sj + i-l) = \v%. 

1=1 

The second statement is clear. □ 
5.3 A exchange rule for dominant finite ^-wedges 

Definition 5.11. Let 1 < j < £, A ell and k, g be two integers such that k > g. We define 

vV^=mV^ Auf ,A---AmV^ 

A,r Ai+Sj A2+Sj-1 A-r+Sj-r+l 

Lemma 5.12. Let m e Z>o and A e U. Let t, to be two integers such that t > to. Suppose that 
\A\ + \uf^''\sj^ < Sdi - Sd2 - nm. Put r = Sd^ - to and v^^'-* = v^^^\ Tjf v^'''-' A uf^^ is expressed as 

where t' eZ,y = uf^ {k e Z') and a{t' ,y) e Q(^). Then, 



v''''^ur:L = q""Z''^t',y)ufilAy 



Example 5.13. Let n = £ = 2,m = 1 and si = 2,S2 = -4. Let A = (1, 1) and t = to = -A. Then, r = 6 
and v^^^ = v^J''j^ ^ = u^^ A Mj'-* A u^^]^ = u^^ A m^^-* A m^'j* A A A m^^. 
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Since \A\ + \u^^l\,^ = 2 + < 5i - S2-nm, these satisfy the condition in Lemma \5.12\ The expansions 



-41*2 

ofv'- ^^ A u^^l and v'- ^^ A u'^^l are 



v(>) A u^^l =q-'vtl\ A il^ A il^ A ^[i^ -{q- q''W^l A A u^^' A i^Ji^ 
+ {q^ - a u^l'^ A mJ,^^ a , 

+ (^'^ - q^W^^ A Mj^'' A A M^i^j 

On the other hand, let w'-^'' = u^^ ^ "i'^- 77ze«. the expansions ofw^^^ A m^^^^ and w*^^^ A m*^2 '^'"'^ 

w^l) A m5 =^"^m5 a A M^/^ - - a A mJ,'^ + {q^ - \)u% A mJ^^ A w^'^ 

- - a uf A 1/^2^ + + A wjl) A U% , 

W^^^ A m5 =^'^"5 A "2 ^ A -(q- q-^W^l A A M^'^ + (^^ _ l)j<j^2) ^ ^(i) ^ ^a)_ 

/n general, the expansion ofw^^^/\uf^ has more terms than that of w'^^^ A u^^^^. Lemma \5.12\ asserts 
that wji^j deletes the "excessive" terms and the coefficient q^'" comes from the difference between 

nf-i _4] A u^^l and M^^-'j A M*i^2- 



( proof of Lemma \5.12\l . For simplicity, we assume that di = I and J2 = 2. 

From r = 5i - ?o and \A\ + \uf'''\s2 < si - S2 - nm, we have \A\ < r - nm - t + to. Thus, Ar = A,-~i = 
• • • = Ar^nm-t+tQ+i = ^nd \A\ = Iv^^^Lp In particular, the pair (v^'\ Mf\ 5i, ^2) is nm-dominant. 

We divide v*^^ into two parts, say 

w^^'> - M^'^ A M^'^ A ■ ■ ■ A u^^^ - v^'^ 

'^il+il " '^^2+^1-1 '■'^Ar-„,„-,+,g+s,-{r-nm-t+to-V) ^ A,r-nm-t+tQ ' 

It is clear that v^'^ = w^^^ A x^^^ 

Let c = ^(Mjjj^^jj, By Lemma[531 x^^^ A ^ = q'~'"u^^^ A x^'^ and x^^^ A u^^i^ = q'^'^vtf^ A x^^\ 
since ^) = ^("[+L, "|r+„m,r+i]) = Hence, the following claim deduces LemmajSTH 

Claim 1. Ifw'''^^ A ^ A x*^'^ Z5 expressed as 

w^^^ A ^ A = Y_^^{t\y) uf A 3; , 



where t' eZ,y = u^' (k e Z') andj3it',y) e Qiq). Then, 

^'''Au^^„^A/^^ = J]/S(t\y)uZ,„^y 

t',y 
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(proof of Claim 1.) We prove it by induction on the size of the partition A. 
If \A\ = 0, we have w*-^^ = m|]| Thus, from Lemma 1531 

t J [.«i,r+nm+l] f J [il,ro+l] ' 

where c' = ^+„„+i], uf^). On the other hand, from ^(u[2j+nm+iv ^ttnm) = C and Lemma|531 

Suppose that \A\ > 0. Let w^^^ be the simple finite q-wedge removing the first component from 
w^^\ i.e. 

/i2+.si-l /i3+.si-2 Ar-„m-,+,i^+si-(r-nm-t+to-l) 

Note that [^^^'[^(-i = Ivv'^^^L-j-i - Ai = \A\ - A^. Since \A\ + \uf -'\s2 < Si - S2 - nm and Ai >l, 

\w'^\.i + \uf^U, = \A\-Ai + \uf\<{si-l)-S2-nm . (31) 

Thus, the pair {A = {A2, A3, ■ ■ ■ ), ^'i - 1, ■^2, t, k} satisfy the condition of the claim 1. Hence, from the 
induction hypothesis, if w^'^ A uf' A x*^'^ is expressed as w'-^^ A uf'' A jc^'^ = Xr'j A?', A y then, 

A M^^L A x(^) = A^', J) A y . (32) 

From Corollary [5]2](i) and (ii), for all t',y = u^^'' = u[\^ A • • • A u[^^ such that fi(t',y) 4^ 0, 

IvP^^^L-i-i + Iwf^l.j = \y\sy-\ + |m,?^L2 and A2^ Sx-\>t' ^nm>t + nm . (33) 



Let a = A\ s\. From Corollary 15. 21 (ii). for f < a - nm 

a-f 

^^^ = Yu^j(^^j^^j ' (34) 

7=0 

"i'^A41„= J] CfcD^^^.MC, , (35) 
i=o 

where Cj{q) e Q(<?). Note that if < j < a - t' - nm then C/f^r) = C'j{q) because of Corollary 15.31 
From dMl) and ([35]), we have 

w^^^ A ^x^'' = Y!t Cj(mt',y) u?,j A 4^;. A 3^ , 
t',y j=0 

a-f -nm 
t',y j=Q 

Therefore the following claim proves Claim 1. and Lemma 15.121 
Claim 2. Let a - t' - nm + I < j < a - t'. Then u*-^^ . A v = 0. 

J a-j 
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(proof of Claim 2.) Let y = a-f - j. Then, t' + y = a - j and < 7 < nm. We exchange j for y. i.e. 
we prove that M^/j A3; = 0if0<7< nm. To prove it, we use Lemma [5^ 



•f+y 

Note that the length of the finite ^-wedge A j is equal to that of v^'^ that is r = 5i - to- 
From Corollary 15.21 (ii), it is clear that mm{t' + y,k2,k^, ■ ■ ■ ,^,-} ^ + 1 = ■^i - ('^ - 1), where 
3; = u^l^ = u^j^^ A ■ ■ ■ A u^j^\ Thus, it is enough that we prove the pair (y, uf\ Si - 1, ^2) is nm-dominant. 
From (EB and ([33]), 

bU-i + \uf^\s2 = IvP^'^Lvi-i + \uf^ln < si- S2- nm. 

□ 
□ 
□ 

5.4 Bar involution and dominant finite ^-wedges 

Definition 5.14. Let v = Uk = /yu^^ /\ • • • /\ Uk,. be a finite q-wedge. We define a finite q-wedge v as 

V = Uk, A Uk,._, A ■ ■ ■ AUk^ AUk,. 

Definition 5.15. Let 1 < di < d2 - • • < di, < j < dh+i < ■ ■ ■ < d^ < £ and v'^'^'^ = m.(o A um A ■ ■ • 

"1 "2 

(1 < i < c) be simple finite q-wedges. We define the action of B'_^^\j] on the finite q-wedge v = 

yidl) ^ ^(d2) /\ . . . ^ yU) /\ A • • • A V^'^'^ as 

B'_„^[j] V = ^-^'"v^^') A V^*^ A • • • A V^^') A V^^'^) A V^^''-') A • • • A V^^''^ , 
where B-^ v^^^ means the level one action ofB-,n on v'--'\ i.e. ifv''-'^ = u^j^^ A w^^^ A ■ ■ ■ A m^^"*, then 

r 

B.,„V^^'> = y U^^ A--- AU^^ A---Au'/\ 

!=1 

We also define B^,„[j, £] on finite q-wedges as similarly in Definition \4.4\ i.e. 

t 

B_^U£] = J]q^'-^^'"B'_Ji]. (36) 



Remark. From [ UglOO[ Proposition 5.3.(i)], if \A; s) is nm-dominant, then the above definition of 



B'-mij] and B_i„[j, £] on finite ^-wedges coincides with that on \A; s). 
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Lemma 5.16. Let m > and \ < d\ < ■ ■ • < db < j- Let t, to be two integers such that t > to- Let 
^(di)^ ^(d2)^ ... ^ ^(dt) g n such that + ■ ■ ■ + l/^*)! + \u%^ < sa, - sj - nmfor all I < i < b. For 
I < i < b, put ri = Sdj - to and 

Ad,) _ id.) _ (d,) (d.) A ... A wW) 

Set V = v'-''^^ A v*-^^-' A • • • v'-^''^ lfv/\ u\^^ is expressed as 

vAu^^^ = Y,(^{t',y)uf Ay , (37) 

where t' eZ,y = /'''^ A • • • A j^^*) (for all 1 < i < b, /''■^ = li'^)^ (k^''' e Z'-)) and a(t',y) e Q(q). Then, 

(i) For all \ < i < b, \v^'^'\ = U^^'^l. 

(ii) For all t' andy, if ait', y) + 0, then l/^'^l + ■ ■ ■ + l/"'*^! + < Sd, - Sj 
(Hi) V A i^liL = q''- J] a(t', y) u^l^ A y . 



nm. 



t',y 



(iv) u\^ A V = 2 a(t',y) y A , m^^L A V = q-"-""" J] a{t' ,y) y A 



Proof. For simplicity, we assume that d\ = l,d2 = 2, - • • ,dh = b. 
For all I < i < b, we have 

|^«| < _^ 1. < _ - nm - \u\^\sj = Si - Sj-nm-t + Sj < Si - to - nm = r,- - nm. 

This proves (i). 

From Corollary 15 .21 (1) (see also the remark after Definition 15 .61 ) and (i), we have 



nm 



\/'^\ + ■■■ + + = iv<>>i + • • • + iv(^)| + = + • • • + + \u^i^ < - 

for all I < i < b. This proves (ii). 

From (ii), we can apply Lemma |5 . 1 2| repeatedlv and prove (iii). 

Put V A u'f '' = A(q) u:^' A V. Then, by the definition of bar involution (Definition l2.8l) and Corollary 
|5j(iii). 



vAmKL =^(^)"liL aV , yAu\P=A{q)u\pAy and y A u\!l^^ = A(q) u%^^ A y 
if a{t',y) 4^ 0. Thus, we obtain (iv) by taking bar involution of (fTTI) and (iii). 
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Finally, we prove (v). Put v A it^'' = A(q) uY' A v. 



,(7) 



= A(q)B'_Jj] 



= A(q) q-"" 3^ ^ (B-.n u^P) 

i',y 

= A{q)q-'"^J]^^^y''^fln,n- 



(By (iv)) 
(By Definition [513]) 



On the other hand, 



B'_^[j] (v A u\'^) = q-b"^ V A [b^„ uf) = q 



-'"'vAu\t„ 



= q""A(q)uYl„,Av 



= q'""A(q)q-^'"'' 



t',y 

A(q)q-''" ^^(?:^y a4^ 



(J) 

+nm 



(By Definition [5l5]) 



(By (iv)) 



,0') 

' +nm ' 



t',y 



□ 



Corollary 5.17. Let m > and \ < d\ < • • • < dh < j. Let N be a positive integer and to be an integer 
such that Sj-N > to- Let A^'''\ ■ ■ ■ , A^j^ e U such that U^^'^l + • • • + \A'-'''^\ + < Sd, - sj-nm 
for all I <i <b. Put 



For \ < i < b, put ri = s^^ - ?o '^nJ 



A ■ ■ ■ Au 



(;■) 



M) _ (d.) _ id,) . (d.) 



Set V = v(''i) A v(^2) A • • • v(*\ Then, 



B-,„[j] (vAwO)) = 5'_,Jj]vAwO). 



Proof. We prove the assertion by induction on A^. If = 1, then the assertion follows from Lemma 

HHKv). 
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Suppose that > 1. For 1 < / < A^,put?; = A^^^ + sj-i+l andvv^^'^ = v^j]^ = M^f Awlf A- • ■Au,^J_^. 
Then, t,- > to for any 1 < z < and |m>^^\^ = A\^^ + ■■■ + /l^l^ < lA'-^^l By induction hypothesis, 



B'-,„[j] (V A wO)) = 5'„„,[j] V A w(J\ (38) 



Put V A vv^-'^ A M^-''' = A(^) u'/'' A V A vv^-'^ and v A w'-J^ = C{q) w^^'' A v . Set the expansion of v A w^^^ as 



V A M>*^''^ 



^aU/^'))/^') Ax , (39) 



,0) 



where x = x^'^'^ A ■ • • A jc^''") (for all \ < i < b, x^'^-^ = u^^'l (k^'^ e Z'-)), y^^^ = uf (k e Z^~^) and 
a(x,y'-j^) e Q(q). Then, 



V A = C(q) ^ «(;«;, /■/')) ^ A j^-/'^ . (40) 



Also set the expansion of ;c A u\-'J as 



XAi^lf = ^;8(f',z)4-''^Az , (41) 



t',z 



where z = A ■ ■ ■ A z^''*) (for all 1 < i < b, z^'^''> = w^^i iS^'^ ^ ^'0) and ;8(?', z) e Q(^). Then, from 
Lemma [5.16l (iv) 



u^;;Ax = j]/3(t',zUAuf , i.|f,„,Ax = <?-2^"';^A^^)z Ai^;/i„„, . (42) 
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Under the above preparation, 



B-,„[j] (vAwO)) 



= q~^"' V A (5_,„M>(^0 A u\l^ + q-''"' v A w^j'> A u\l\ 



tfj+nm 



= q'""Aiq) A V A {B.^w^J-)) + q''"A(q) A v A m 



Aiq) A (B'_Jj]v A wO)) + ^^-AC^) u^^,,^ A v A #0) (By m) 



= A(q)C(q)u\^ AB'_Jj] 



\x,y 



.(J) 



+ q'""A(q)C{q) u)'> A 



(;•) 



\x,y 



(By ^) 



.0") 



q-""A(q)Ciq) J] a(x,y(J^) i/£ Ax A U,jA + q'"'A{q)C(,q) J] aix,y(J^) u^,,,,, Ax A 



x,/J> 



= q-'"'Aiq)C{q) ^ ^ aix,yU))/3it' ,z) z A i/f A Ib 



x,yU) t',z 



+ q-""A(q)C(q) J] ^ y''^Mt',z) z A il^^ A (By m) 



x,y^i'i t',z 



= A(q)C(q) Y c^(x,y^^mt',z)B'_,^^[j] z A u"-/ Ay' 

x,y(j'i t',z ^ 

On the other hand. 



ij) 



B'.Jj] V A wO) 



B'.Jj] V A w^J^ A u^^^ 



= 5'_j7](A(^)M|f a77^ 



A{q)C{q)B'^^[n 



A{q)C{q) Y Y ""^^^ ^--f-^'] ^ ^ ^ ^ ^' 

;c,y<J) f,z ^ 



(By (iOl)) 



(7) 



(By ^) . 



□ 



Corollary 5.18. Let m > 0, 1 < j < £, to e Z and A e 11^. Suppose that \A; s) is nm-dominant and 
to < Si - /(/l*^^^). For I <i < €, put = Si - to and 



A U 



(0 



A ■ ■ ■ Au 



(0 
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Set V = v^^) A v^^^ A • • • v^^'"^) and w = v^j^ A v^-''"'^^ A • • • v^^K Then, 

£] (v A w) = £] V Aw. 



Proof. By applying Corollary 15.171 repeatedly, we obtain the assertion. □ 

Proof of Proposition \4.6\ The statement (ii) follows from Corollary 15.181 We prove (i). For conve- 
nience, we define B^,nU +IJ]= B-,„[£ + 2, f| = and B'_J£ + 1] = 0. 
From B^,n[j, £] = Y!i=j q^'-'^'"B'_Ji], we have 

e 

B'_^[j] = B_AiJ] - Yj ^^'~'^'"Bun 

i=j+l 

'•=;■+ 1 

= 5_J7,^]-^"'5_J; + 1,^] . 

Thus, 

5-,«[7]=5:,Jj]-^-"'5'_^[7+l] 

= B.Ah n - g"'B-m[j +IJ]- q-'"B.^[j +\J] + B.Ai + 2, €] 
= B^Ai, n - ('?'" + q~"')B-m[i + 1 , ^] + B^Ai + . 

Hence from (ii), 

B-An u = - iq"" + q-"')TJJTT~tU + 5_,„[j + 2,^]m 

= B.„U m- ('?'" + q-'")B-,n[j +lj]u + B_Ai + 2J]u = B^^j] u . 



□ 
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